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ABSTRACT. Let X be a separable Hilbert space, B(X) the bounded
operators on X, K the ideal of compact operators, and # the natural map
from B(X) onto the Calkin algebra B(X)/K. Suppose X is a compact metric
space and ®: C(X) x [0, 1] = 8(H)/X is a continuous function such that
(¢, t) is a *-isomorphism for each ¢ and such that there is a *~isomorphism
Yt C(X) =8(X) with my(-)=@(:, 0). It is shown in this paper that if X is a
simple Jordan curve, a simple closed Jordan curve, or a totally disconnected
metric space then there is a continuous map ¥: C(X)x [0, 1] ~8(X) such that
¥ =% and ¥(, 0)= Y(-). Furthermore if X is the disjoint union of two
spaces that both have this property, then X itself has this property.

If X is a separable Hilbert space, X is the set of compact operators on
K, and 7 is the natural map from B(H) onto the Calkin algebra BH)/X then
a compact metric space X is said to have the C*-covering homatopy property
whenever the following holds: for any continuous map ®: C(X) x [0, 1] —
BFO/X such that (-, ¢) is a *-isomorphism for each t and there is a *-iso-
morphism ¢: C(X) — BH) with mp(-) = (., 0) then there is a continuous
map ¥: C(X) x [0, 11 = BH) such that ¥(-, ) is a *-isomorphism for each
t, ®¥ = @, and ¥(.) = ¥(., 0). In this paper it is shown that X has the C*-
covering homotopy property when X is an interval, a circle, a totally dis-
connected space, or the disjoint union or two spaces which have the pro-
perty.

Here C(X) is the C*-algebra of all continuous complex valued functions
on X, and an isomorphism is understood to take the identity of the domain on-
to the identity of the range,

The motivation to study this problem stems from the recent papers of
Brown, Douglas and Fillmore [3], [4]. Indeed, if it can be shown that every
compact metric space has the C*-covering homotopy property, then this will
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give a direct proof that their group Ext(X) is a homotopy invariant and will
shed more light on its nature [6]. Moreover the fact that a two point set and
the circle have the C*-covering homotopy property has been used to explore
the relationship between Ext(X) and algebraic K-theory [2].

Before going further it seems appropriate to say a few words concerning
terminology. The standard practice is to discuss maps, not compact metric
spaces, which have the covering homotopy property. It would be better to
say that 7 has the C*-covering homotopy property if the above definition is
satisfied not only for the algebras C(X), but for arbitrary C*-algebras. Then
one could define 7 to have this property relative to an algebra C(X), and it
is proved here that this is the case when X is an interval, a circle, or a to-
tally disconnected space. Nevertheless, this rational nomenclature will not
be adopted here in order to achieve a certain economy in terminology.

It is easy to see that the C*-covering homotopy property is a homeomor-
phic invariant. So the results presented here imply that simple and closed simple
curves have the C*-covering homotopy property. Beyond these examples, to-
tally disconnected spaces, and finite disjoint unions of these, there are no
further spaces known to have this property. Indeed, it is not known whether
a fiqure eight, a circle with a spoke, or the set [-1, 0JU{2™": n > 1} has
the C*-coveting homotopy property.

The proof of the first lemma is straightforward.

1. Lemma. A compact subset X of the complex plane has the C*-cover-
ing homotopy property if and only if for any curve {a(t)} of normal elements
in BH)/X with ola(t)) = X for all t and such that there is a normal operator
A, in BU) with o(4y) = X and a(A) = al0), then there is a curve {A() of
normal operators in BM) such that o(A(t)) = X for all t, A(0)= A, and
(A1) = ale).

2. Theorem. If X is an interval then X has the C*-covering homotopy
property.

Proof. Suppose X = [0, 1] and let r be the retraction of R onto [0, 11
According to a theorem of Bartle and Graves [7], if X and Y are Banach
spaces and T: X =Y is a continuous linear map of X onto Y and T(x)) =
¥ for some point ¥, in X, then there is a continuous map ¢: Y — X such
that T(¢()) =y forall y in Y and Plyg)=xy If X and Y are the real Ban-
ach spaces consisting of the selfadjoint elements in BH) and BH)/X and
T = =, then the hypotheses of the Bartle-Graves theorem are satisified. So if
{a(e)} is a path of selfadjoint elements in BH)/X with ola(s)) = [0, 1] for
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each t and if A, is a selfadjoint operator in BH) with o(4 0) = [0, 1] and
ﬂ(Ao) = a(0), then the Bartle-Graves theorem implies that there is a contin-
uous path {A()} of selfadjoit;t operators such that 7(A(¢)) = a(t) and A(0) =
Age If B(t) = 7(A(t)) then B(t) is selfadjoint, B(0)= A, and o(B(t)) =
rlo(A()] = [0, 1) (This last equality holds because [0, 1] = olalt)) C a(A(e)).)

For ¢ fixed put A = A(t), B = B(t), By Weyl!’s theorem [8, p. 367],
olANI0, 1] consists of isolated eigenvalues of finite multiplicity. So the
spectral theorem gives that

e ] -]
A = H+ Z AﬂEﬂ+ Z #nFn
n=1 n=1
where {E 10 Fyr Eqs Fypeee } are mutually orthogonal projections of finite
rank, {/\"} is a sequence decreasing to 1, {[t"} is a sequence increasing to
0, and H is a selfadjoint operator with o(H) = [0, 1] and ker H = (E + F)H)
where E=2E , F=XF . Since B=1(A)=H +E,

o~ 00
B-A=X (I-\)E -3 uF,
n=1 n=1
and each of these sums is a compact operator; therefore n(A) = n(B).

Finally, [|A()|| is a continuous function on [0, 1] so there is an inter-
val [a, b] such that o(A(t)) C [a, 8] for each t. Since {p(A(t)} is a contin-
uous path for any polynomial p and 7 can be uniformly approximated by poly-
nomials on [a, b, {r(B(t)}} is a continuous path and the proof is complete by
virtue of Lemma 1,

3. Theorem. A circle has the C*-covering homotopy property.

Proof. Suppose X is the unit circle and that {«(t)} is a path of unitary
elements in BMH)/K such that o(u(t)) = X for all ¢ and there is a unitary
operator U, in BH) with ﬂ(U0)= u(0). By the Bartle-Graves theorem there
is a path {A()} in BH) such thae #(4()) = u(¢) and A(0) = U . (Notice
that it is not necessarily true that A(¢) is normal.) Let A(t) = W(t)B(¢) be
the polar decomposition of A(t) and choose & > 0 such that [JA(s) - A(t)]| <
1 whenever |s ~¢| <8. If 0<t <8 then |Uj- A(t)| <1 and so A(?) is in-
vertible; hence B(t) = [AG)*A())” is invertible and W(t) is a unitary. Fur-
thermore, {B(t)~ 1} is continuous so {W(t)} is continuous on [0, 1. since
a(B(1))? = n(AG))m(A()) = u(t)*ult) = 1, 7(W(t)) = u(t) for 0<t< 3. Let
U() = W(t) for 0<¢ < 8. Then U(0) = W(0) = A(0) = U,. Also, n(U(5)) =
n(A(8)) implies that U(8) - A(8) = K is compact.
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For 6 <t <29,
I0A() + K] - UO)] <1

so that A(t) + K is invertible., Applying the same technique as above extends
{U()} continuously to [0, 28], An induction argument and Lemma 1 complete
the proof.

It is known that the spectral radius is an upper semicontinuous function
on BMH) and it is continuous on the normal elements (because it equals the
norm). This is essentially the content of the next lemma although the partic-
ular phrasing is needed for certain estimates which are to be made below,
(See [5, Problem 861.)

4. Lemma. If A and B € BH) and A is normal then
ol B) C {A: dist(A, o(4)) < |4 - BJ}

Proof. The proof uses the fact that if x and y are elements of a Ban-
ach algebra with identity, x is invertible and ||x - y|| < ||*~!||~! then y is
also invertible. If ||A = B]] <dist(A, o(A)) = inf{|z = A|: z € o{A)} then
|4 - B|=! > supf|z - A|"!: z € (AN} = ||(A = A)~}|| since A is normal. Us-
ing the above fact with x = (A = A) and y = (A = B), it follows that A ¢ o(B).
This proves the lemma.

If in the next lemma the part of the hypothesis and the conclusion which
involves the path {Q(t)} is deleted then this lemma states that a two point
space has the C*-covering homotopy property. The role of {Q(t)} is to make
it possible to prove that any finite set and, eventually, all totally disconnected

spaces have the C*-covering homotopy property.

S. Lemma. Let {Q(t)} be a path of projections in BM) and {p(t)} a path
of projections in BH/K such that n(Q(e)) > p(¢) for all t. If P is a pro-
jection in BH) with P, <Q(0) and ﬂ(Po) = p(0) then there is a path of pro-
jections {P()} in BMH) with:

(@) P(0)= P,

(b) #(P()) = p(t),

(c) P() < Q(¢) for all t.

Proof. Again applying the Bartle-Graves theorem, there is a path {A(t)}
of selfadjoint operators in BH) such that A(0) = P, and (A(@)) = p(e). I
B(t) = Q()A(£)Q(¢) then {B(t)} is a path of selfadjoint operators, n(B(t)) =
p(t), B(0) = P, and 0()B(¢) = B(¢)Q(¢) = B(¢) for all ¢t. Choose a 8> 0 such
that |B(s) - B(t)]| <} whenever |s —¢t| < 8. It follows from the preceding
lemma that
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o (-1, u(L.3)

for 0<t <& since B(0) = P is a projection. Hence Y, the characteristic
function of (1/2, 3/2), is continuous on the spectrum of B(t) for 0 <t < 8.
Put P(t)= x(B(2)) for 0 <t < 8. It follows that P(t) is a projection and
P(0)= Py, If 0< ¢ty <& then the fact that x can be uniformly approximated
by polynomials on O(B(t )) implies that {P(t)} is continuous at ty. Also, if
[ is a polynomial that vamshes at zero then Q(t)/(B(¢)) = /(B(t))Q(t) f(B(2)).
Since x can be approximated by such polynomials, P(t) < Q(t) for 0 <t < 8.
This same argument, combined with the fact that x(p(t)) = p(¢) gives that
a(P(2)) = p(2).

In particular, since 7(P(5)) = #(B(8)) it follows that K = B(8) - P(8) €
K. Also for 8 <1< 28,

ILB() - K1 - P(3)|| <4,

so that

11 13
- 2 2 Ju(i2),
o8- 0 c(-1,1)u(L2)
Therefore P(¢) = x(B(t) - K) for 8 <t < 28 defines a continuous path on
[8, 28] which agrees with the previous definition of P(5) when t = 8. As
above, it is easy to see that {P(t)} has she required properties. An induc-
tion argument completes the proof,

6. Theorem. If X is totally disconnected then X hds the C*-covering
homotopy property.

Proof. Suppose (for notational convenience) that the diameter of X is
one., Then there are subsets {Sﬂk: 1<k<2" n>1} of X which are simul-
taneously open and closed and such that for =1, 2,+.. :

(2) Uk—l nk = X

() ok =Spe1,2k-1Y Sne1,205

() S,, nS,;=0o if i# ks

(d) diameter (S,,) < (2/3)".

If x,, = the characteristic function of S_, then X, , € C(X).

Let ®: C(X) x [0, 11 = BH)/X be a continuous map such that (., ¢)
is a *-isomorphism for each ¢, and let ¥: C(X) = BH) be a *-isomorphism
such that m)(-) = ®(-, 0), Using Lemma 5 and mathematical induction it can
be shown that there are paths of projections {P,,(t)} in B}) with P_,(0)=
Ylx,,)> 7P, ()= ®(x, .. t) and such that for n=1, 2,+++ and all ¢:
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@a") Ei:l P"k(t)= I;

®") P, (&)="P nt1, 2k )+ P +1,2k(‘);

)P k(t)P (t) 0 for j# k.
If £ is the linear span of the functions {x it 1SES2%, 02 1} then proper-
ties (a)—(c) and (a')=(c') imply that

2n 2n
Y Z QX t] = Z akP"k(t)
k=1 k=1

is a well-defined map of & into B(H) for each t. Also (a)~(c) imply that £
is a *-subalgebra of C(X) which contains the constants; and properties (a),
(c), and (d) imply that & separates the points of X. Consequently, is
dense in C(X). Moreover, ¥(:, t) is a *-isomorphic isometry on £ so that it
extends to a *-isomorphism of C(X) into B(H). Since ¥ is continuous on
£ x [0, 1] its extension to C(X)x [0, 1] is continuous. Because #¥(f, ¢) =
@(/, ) for f in £, the same equality holds for f in C(X). Finally, ¥(x,,, 0)
=P, ,(0)=y(x,,) and this implies that ¥(-, 0)= Y(-). This completes the
proof,

The proof of the next lemma is modeled on the proof of a theorem in (8]
(see p. 268). Also, [1] contains related results.

7. Lemma. If {P(t)} is a path of projections in BUH) then there are paths of
partial isometries {U(} and {V(£)} such that

UD* U = P), V(D*Ws) = - P(0),
UHUGD* = P(),  V(AV(D* = 1~ P(D),
uo) = P(0), v(0) = I - P(O).

Proof. Choose a 8 > 0 such that |P(s) = P(t)| < 1 whenever |s - ¢| <
8. If 0<t<3 then ||P()[P(0) - P(®)IP(t)|| < 1 and so

A(D) = 1+ P()[P(0) - P(N]P(2)

is positive and invertible. In similar fashion

B(3) = I+ P PO = PP

is positive and invertible. Hence {AG)""%} and {BG) %} are contmuous pa:hs
for 0 <t <8, Therefore Ult)= PR)A()~%P(0) and V() = P(t) B(t)'%P(O)
are continuous on [0, 8], By the arguments used in [8] U(t) and V() are
partial 1somemes with the desired initial and final spaces. Also U(0) = P(0)
and V(0)= POy,
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Sumlarly there are paths {U(t)i and !V(t» of partial i 1sometnes with
U(8) P(3), V(8) P, UW)*U() = P©), U(t)U(t)* = P(t), V(t)*V(t) PGY,
VV@* = P@)* for 8 <t <25, I UG) = UGU() and V() = VEW() for
8 <t < 28 then this results in continuous paths on [0, 28] which have the
desired properties. The proof is completed by induction.

8. Theorem. If X, and X, have the C*-covering homotopy property
then so does their disjoint union.

Proof. If X is the disjoint union of X, and X,, let ®: cx)x [o, 11
— BH)/K be a continuous map such that ®(:, ) is a *-isomorphism for each
t and such that there is a *-isomorphism ¥: C(X) — BH) with mi(.) = &, 0).
If X, and x, are the characteristic functions of X, and X,, respectively,
then according to Lemma 5 there is a path {P ()% of projections such that
if P,(t)="P (:) » w(P (1)) = ®lx,, 1), P(0) = ¢(x ) for i=1,2, For i=1,2
put Pl P,(O) K= P,(J{) K, = the compact operators on H,. Then fBG{,)
and BH,)/K; can be identified with P, BO0P, and #(P)BH)/KIn(P) = G,
respectively. The preceding lemma implies that there are paths of partial isom-
etries {U,(t)}, i =1 and 2, such that U, 0="p, Ui(t)*Ui(t)= P, Ui(l)U,-(t)*
= P(¢). Define ®,: C(X,)x [0, 11— @, and ¢ C(X,) = P BG)P, by

D,(f, = (UN*Vf, Dl U (),
Y AN = PP, = y{7)

for each [ in C(X i)' (C(Xi) is identified with the obvious ideal of C(X).)

By hypothesis there is a continuous map ¥,: C(X;)x [0, 1] — P BG0OP,
such that ¥,(-, 0)= ¥,(-), 7¥,;= D, and ¥,(-; 1) is a *-isomorphism for each
t (with Y1, ) = P,). Define ¥: C(X) x [0, 11— BK) by

Y/, 0 = U (DY (x,s DU(D* + ULDY,(fx,s DU(D*

for 0< t<1 and f in C(X). It is left to the reader to show that #¥ = @,
Y(., 0) = ¥(-), and ¥(., ¢) is a *-isomorphism for each ¢
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